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We present analytic forms of three-loop four-gluon planar amplitudes in pure Yang-Mills theory in
this letter. Gauge invariant bases and a set of proper master integrals are chosen such that the am-
plitudes are explicitly invariant under cyclic permutations of external particles. The D-dimensional
unitarity method and integration-by-parts reductions with cut conditions are performed to deter-
mine the coefficients of the master integrals. Helicity amplitudes in the conventional dimension
regularization scheme are obtained by setting gauge invariant bases to helicity configurations. Af-
ter renormalizing the ultraviolet divergences, remaining divergences of the amplitudes agree with
known infrared divergence structures exactly. Our results provide an essential piece of three-loop
amplitudes required for the N3LO order corrections to the production of two jets at hadron colliders.
PACS numbers: 12.38.Bx
INTRODUCTION
The standard model has been now well-established af-
ter Higgs boson confirmed by the Large Hadron Collider
(LHC) at CERN. Along with updates of LHC, its energy
and luminosity will both increase, which would lead to
higher precision of experimental results. To search for
new physics beyond Standard Model (SM) as well as to
explore physics properties of existed particles, theoretical
results of scattering cross section to a certain precision
are required to be compared with experimental results.
Take the di-jet production at the LHC as an example,
a bump-like feature in the di-jet mass distribution could
be an evidence of new physics signal [1–5], where pro-
cesses from Quantum Chromodynamics (QCD) serve as
the backgrounds. Furthermore, di-jet system could be di-
rectly used to test validity of perturbations of QCD and
properties of strong couplings at different energy scales
[6, 7]. The amplitudes of di-jet production from QCD
up to next-to-next-to-leading order (NNLO) have been
studied years ago [8–14]. The comparison between theo-
retical predictions at NNLO and experimental measure-
ments has been carried out lately [15, 16].
To prepare for future high luminosity experiments in
LHC, at least ten times of current luminosity, further
reducing uncertainty in the QCD background of di-jet
bump hunting is a necessary task to be accomplished,
namely, to compute the N3LO contributions to di-jet the-
oretic prediction. Not only is this computation a prelim-
inary for updated LHC experimental measurements, but
also a useful element for testing the convergence of QCD
perturbations and the running properties of strong cou-
plings. In this letter, we present analytic forms of the
leading color four-gluon three-loop helicity amplitudes in
pure Yang-Mills theory, as a first result for di-jet predic-
tion at N3LO.
We compute using d-dimensional unitarity method
[17, 18], gauge invariant bases method [19, 20] and
integration-by-parts (IBP) reduction [21]. A few progress
on a single ladder type topology has been made [22], and
master integrals for this task have been solved [23].
The d-dimensional unitarity method avoids troubles
in determining rational terms, but could be much slower
than 4-dimensional unitarity method in spinor helicity
formalism. Therefore, it is preferable to use the least
possible unitarity cuts for integrand constructions. To
reduce the number of cuts, we take advantage of the Z4
symmetry associated with cyclic permutations of external
particles. Moreover, we choose a set of gauge invariant
bases consisting of spins and momenta of external parti-
cles and master integrals which makes the Z4 symmetry
manifest, and only compute a minimal set of unitarity
cuts which can generate all coefficients of the entire mas-
ter integrals via the Z4 symmetry.
IBP identities are used to reduce the loop integrand
to a set of master integrals, and this process is usually
a bottleneck of multi-loop computations. Considerable
and important efforts have been made to enhance the
efficiency of IBP reductions [24–26]. Recently, with the
help of numerical unitarity method, all leading color pla-
nar amplitudes and full color helicity-equal amplitudes of
two-loop five-gluon scattering process have been achieved
[27–35]. Regard to the task at hand, we find that IBP
identities with cut conditions imposed [36] are quite suit-
able for the computations. IBP reductions with cut con-
ditions are applied directly to cut integrands from uni-
tarity method, where the cut conditions can impressively
decrease the number of sectors and master integrals. This
approach not only speed up IBP reductions, but also al-
lows cross checks of the coefficients of master integrals
2among different cuts. Moreover, in this approach, the
construction of complete loop integrands before IBP re-
ductions can be circumvented, which would be highly
non-trivial for a three-loop amplitude.
Bare helicity amplitudes are obtained by setting the
gauge invariant bases to all possible helicity configura-
tions. Divergences in the ultraviolet-renormalized am-
plitudes match the known infrared divergence structure
[37, 38] exactly. Our results provide an essential piece of
three-loop amplitudes required for N3LO corrections to
di-jet productions in experiments.
PRELIMINARIES AND SETUPS
The leading color contribution of the four-gluon scat-
tering amplitude can be expressed as a sum of planar
amplitudes, dressed with single trace color factors,
A =
∑
σ∈S4/Z4
A(σ1, σ2, σ3, σ4)Tr(T
aσ1T aσ2T aσ3T aσ4 ) (1)
where S4/Z4 denotes non-cyclic permutations of exter-
nal particles. We only need to compute a particular pla-
nar amplitude A(1, 2, 3, 4), and others can be determined
through permutations of kinematic parameters.
Unitarity cut, gauge invariant bases projection and
IBP methods are employed to obtain the four-gluon pla-
nar amplitude at three loop level. The computations are
entirely established in the conventional dimension reg-
ularization (CDR) scheme, which assumes both internal
and external particles are living in d = 4−2ǫ dimensional
space.
Cut integrands are constructed using the d-
dimensional unitarity method. The inserted tree
amplitudes for cut constructions are written in terms of
scalar products of momenta and polarization vectors,
and exhibit d-dimensional Lorentz invariance. The
polarization vectors of cutting legs are contracted by the
following helicity summing rule
ǫµi ◦ ǫ
ν
i ≡
∑
helicities
ǫµi ǫ
ν
i = η
µν −
pµi q
ν + pνi q
µ
q · pi
, (2)
with q an arbitrary light-cone reference momentum. By
this means, cut integrands are manifestly gauge invariant
and consist of scalar products of polarization vectors of
external gluons, internal and external momenta.
The external polarizations in the cut integrands can
be projected out by the gauge invariant bases method
[19, 20] making integrands containing only momenta. As
shown in [20], the n-gluon scattering amplitudes can be
expanded by a set of gauge invariant bases, which are
constructed by the gauge invariant building blocks Ai
and Cij
Ai =(ǫi · pi+1)(pi · pi+2)− (ǫi · pi+2)(pi · pi+1),
Cij =(ǫi · ǫj)(pi · pj)− (ǫi · pj)(ǫj · pi),
(3)
where i, j ∈ {1, 2, 3, 4} and i + m ∼ Mod(i + m, 4) for
i +m > 4 with m = 1, 2. For four-gluon scattering am-
plitudes, we choose the following gauge invariant bases,
Bα =
{
A1A2A3A4, C13C24, C13A2A4,
C24A1A3, C12C34, C23C14, C12A3A4,
C23A4A1, C34A1A2, C41A2A3
}
.
(4)
As a result, the cut integrands can be expressed as
A =
∑
α
cαBα ≡
∑
α
(A ◦Bα)Bα , (5)
where Bα is the dual basis satisfying Bα ◦Bβ = δ
α
β [20].
Polarization vectors are absorbed in Bα, while the coef-
ficients cα become regular Feynman integrals consisting
of the scalar products of internal and external momenta.
One advantage of the gauge invariant bases method is
that the integrands are manifestly d-dimensional Lorentz
invariant and do not contain µ2-type terms, which are the
inner products of the extra −2ǫ dimensional components
of loop momenta. These µ2 terms raise the power of nu-
merators in the integrands, and complicate the Feynman
integrals as well as their reductions because of raising
powers of numerators of the integrands. Moreover, in-
stead of considering different helicity configurations at
the beginning of constructing cut amplitudes, gauge in-
variant bases are running through the entire computa-
tions and set to specific helicities in the end.
The projected cut integrands can be reduced by public
IBP programs[39–42], here FIRE6 [42] is used. We apply
IBPs with cut constraints directly to the cut integrands,
where each unitarity cut channel determines coefficients
of a subset of master integrals[19, 43].
Comparing with the common strategy, in which normal
IBPs are used to reduce the complete loop integrands, our
new strategy circumvents the reconstruction of the loop
integrand from unitarity cut, which can be very difficult
in a three-loop computation. Moreover, the new strategy
allows cross checks of master integral coefficients among
different cuts, which is very desirable in a complicated
computation.
UNITARITY METHOD AND CUT-IBP
Using the cut-IBP strategy, IBP reduction will be per-
formed for each cut integrand, so we prefer to choose
a minmal set of unitarity cuts which can determine the
coefficients of all master integrals. The number of cuts
can be reduced using the Z4 symmetry of the four-gluon
planar amplitude, which is induced by the cyclic permu-
tations of external particles. The minimal set of unitarity
cuts we choose are enumerated in FIG 1.
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FIG. 1. A minimal set of unitarity cuts for the 4-gluon 3-loop
planar amplitudes.
With the help of zone variables [44], a single set of
propagators can be used to parameterize all planar dia-
grams:
Di = {(l2 − l3)
2, (l1 − l3)
2, (l1 − l2)
2} ,
Dai = (li + p1 + · · ·+ pa−1)
2 ,
(6)
where i = 1, 2, 3, a = 1, 2, 3, 4. The coefficients
of gauge invariant bases cα in eq. (5) after IBP re-
ductions are decomposed into master integrals MI =∫ ∏3
j=1 dljI(Di, D
a
i ) and functions of Mandelstam vari-
ables s = (p1 + p2)
2, t = (p2 + p3)
2, then the cut ampli-
tudes can be written as
A =
∑
α
c˜αj (s, t)MIjBα . (7)
Under a cyclic rotation operation r, which is a gener-
ator of Z4 and maps the i-th gluon to the (i+ 1)-th, the
Mandelstam variables, propagators and gauge invariant
bases in eq. (7) transform as
r : s↔ t, Di → Di+1, D
a
i → D
a
i+1 ,
B1 → B1, B2 → B2, B3 ↔ B4, B5 ↔ B6,
B7 → B8, B8 → B9, B9 → B10, B10 → B7 .
(8)
However, the master integrals automatically chosen by
FIRE6 do not preserve the Z4 symmetry. We then man-
ually select a new set of integral bases closed under the Z4
transformations, and transform the old set into the new
one. The cut integrands in terms of new master integral
bases are still not manifestly cyclic invariant, due to the
fact that the cyclic rotations induce permutations among
loop momenta. For instance, FIG. 2 illustrates that twice
cyclic rotations induce a switch between loop momenta
l1 ↔ l3, which results in D1 ↔ D3 and D
a
1 ↔ D
a
3 . If
some master integrands I(Di, D
a
i ) can be mapped to each
other by permutations of loop momenta as in FIG. 2, they
should be identified as the same. However, if several such
equivalent I(Di, D
a
i ) terms are captured by the same cut
p1
p2 p3
p4D
1
1
D1
2
D1
3
D3
1
D3
2
D3
3
D2
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FIG. 2. Two different parameterizations are used to label one
integral. Both parameterizations belong to cut (a) of FIG.
1. The switch of loop momenta l1 ↔ l3 can be induced by a
cyclic permutations r2.
simultaneously, as illustrated in FIG. 2 and 4, then only
one I(Di, D
a
i ) together with its coefficient should be re-
tained, while all the others must be dropped to avoid
over counting.
The consistency between different cuts imposed two
conditions to the coefficients of master integrals. First,
the coefficients of the equivalent master integrals must
be the same. Second, if two integrals are related by the
Z4 symmetry, their coefficients are also related by the Z4
transformations generated by eq. (8). Passing these cross
checks is a very strong evidence of the correctness of our
constructions.
Special attention must be paid to a pair of bubble-
sunrise type diagrams shown in FIG. 3. Although they
correspond the same integral, they are distinct diagrams,
and their coefficients are related by a r2 transformation.
Both the diagrams should be included in the final result.
p1
p2 p3
p4 p1
p2 p3
p4
FIG. 3. A pair diagrams which are topologically different, but
correspond to the same integral.
Another pair of diagrams required more attention, as
in FIG. 4. Similar as FIG. 2, these two equivalent di-
agrams are captured by the same cut, and only one of
them need to be retained. However, they are indistin-
guishable in the I(Di, D
a
i ) form, so in the cut integrand
the coefficient of this integral is actually twice of its cor-
rect value.
p1
p2 p3
p4
p3
p4
p2
p1
FIG. 4. A pair of equivalent diagrams with indistinguishable
I(Di, D
a
i ) form.
If one tries to construct correct loop integrands from
unitarity cuts before IBP reductions, all the difficul-
ties and ambiguities above would be exacerbated by the
huge number of topologies and higher power numerators
therein.
4ANALYTIC AMPLITUDE
The analytic forms of master integrals with uniform
transcendentality (UT) for planar four-gluon three-loop
have been worked out in terms of harmonic polyloga-
rithms (HPL) years ago [23]. We transform our symmet-
ric master integral to the UT master integral bases and
the bare amplitude can be then expressed in terms of
HPLs w.r.t. ǫ expansion from O(ǫ−6) to O(ǫ0).
The bare helicity amplitudes are obtained by setting
the polarization vectors in the gauge invariant bases to
respective helicity configuration. As expected, three-loop
corrections to the MHV amplitudes start from O(ǫ−6),
while all-minus and single-plus helicity amplitudes begin
with O(ǫ−4) .
These bare helicity amplitudes can be expanded as
A = g20
∞∑
L=0
(
α0
4π
)LCLAA
(L) , (9)
with α0 = g
2
0/(4π) the bare coupling parameters and
CA the quardratic Casmir in the adjoint representation.
Renormalized amplitudes AR can be obtained via replac-
ing bare couplings by renormalized ones derived in MS
scheme, i.e., α0 = (4π)
−ǫeǫγEαsµ
2ǫZα(α, ǫ), and
Zα(α, ǫ) =1−
αs
4π
β0
ǫ
+
(αs
4π
)2
(
β20
ǫ2
−
β1
2ǫ
)
+
(αs
4π
)3
(−
β30
ǫ3
+
7β0β1
6ǫ2
−
β2
3ǫ
),
(10)
where beta function in pure Yang-Mills theory up to three
loop level is given by
β0 =
11
3
CA, β0 =
34
3
C2A, β0 =
2857
54
C3A. (11)
It is also well understood that infrared divergences of
renormalized on-shell amplitudes in QCD coincide with
the ultraviolet divergences of Wilson coefficients of n-
jets operators [37] in soft-colliear effective theory (SCET)
[45–48]. These divergences are governed by the infrared
renormalization factor Z
Z({pi}, ǫ, µ) = P exp
∫ ∞
µ
dµ′
µ′
Γ({pi}, µ
′) , (12)
where Γ has been proposed in [37], and for four-gluon
planar amplitude it reduces to
Γ(s, t;µ) = γcusp(αs)
(
ln
µ2
−s
+ ln
µ2
−t
)
CA + 4γg(αs).
The cusp anomalous dimension γcusp and collinear
anomalous dimension γg up to three loop are listed in
[38] and [49]. Since the L-loop correction of Z contains
at most 1/ǫ2L poles, in order to obtain the three-loop
hard function, one- and two-loop amplitudes must be
evaluated up to O(ǫ4) and O(ǫ2) respectively. To this
end, We evaluated the one- and two-loop UT master in-
tegrals to transcendental degree 6 using differential equa-
tions [50, 51], and substituted these solutions into one-
and two-loop amplitudes derived under the same scheme
[19].
Eventually, the hard function is obtained through re-
moving infrared divergence from the renormalized ampli-
tudes,
H = lim
ǫ→0
Z
−1AR . (13)
There is no divergence term with respect to ǫ remained
in H any more, namely O(ǫ−6) to O(ǫ−1) divergences
of AR must agree with the universal infrared structure
exactly. This is a strong evidence for the correctness of
our result.
In addition, we checked the s↔ t symmetry of the am-
plitudes of helicity configurations (−−−−) and (+−+−).
Besides, amplitude of (+−−−) helicity also satisfies this
symmetry due to its flip symmetry. The absence of the
non-physical pole 1s+t is also checked for analytical forms
in both Euclidean and Physical region.
In the ancillary files, bare amplitudes and hard func-
tions in terms of HPL with different helicity configura-
tions are provided, in both Euclidean and Physical re-
gions.
CONCLUSION AND DISCUSSION
In this letter, we have computed the four-gluon three-
loop leading color amplitudes in Yang-Mills theory for
the first time. By properly choosing symmetric gauge
invariant kinematic bases and master integrals, ampli-
tudes are manifestly invariant under cyclic permutations
of external particles. Coefficients of kinematic bases and
master integrals are determined via unitarity cut, pro-
jections and cut IBPs. Hard functions are provided after
subtracting UV and IR divergences.
Along the same lines, one can further consider all the
leading color N3LO four-parton amplitudes in QCD with
different initial and final partons.
Our strategy of combining unitarity method and IBP
allows crossed checking coefficients of master integrals
among different unitarity cuts, and enhances the effi-
ciency of IBP reduction at the same time. This strategy
can be applied to computations of other multiloop am-
plitudes. For amplitudes with many scales, it should be
possible to incorporate the numerical unitarity method
[33–35].
ACKNOWLEDGMENTS
The authors would like to thank Rutger Boels for ini-
tial collaboration on a related project. Further more,
5the authors would like to thank Yanqing Ma and Gang
Yang for helpful discussion. QJ is supported by the Na-
tional Natural Science Foundation of China (Grants No.
11822508, 11747601), and by the Key Research Program
of Frontier Sciences of CAS. HL is supported by the Re-
cruitment Program of Global Youth Experts of China.
∗ qjin@itp.ac.cn
† hluo@gscaep.ac.cn
[1] G. Aad et al. (ATLAS), Phys. Rev. D91, 052007 (2015),
arXiv:1407.1376 [hep-ex].
[2] V. Khachatryan et al. (CMS),
Phys. Rev. D91, 052009 (2015),
arXiv:1501.04198 [hep-ex].
[3] G. Aad et al. (ATLAS), Phys. Lett. B754, 302 (2016),
arXiv:1512.01530 [hep-ex].
[4] A. M. Sirunyan et al. (CMS),
Phys. Lett. B769, 520 (2017), [Erratum: Phys.
Lett.B772,882(2017)], arXiv:1611.03568 [hep-ex].
[5] M. Aaboud et al. (ATLAS),
Phys. Rev. D96, 052004 (2017),
arXiv:1703.09127 [hep-ex].
[6] S. Chatrchyan et al. (CMS),
Eur. Phys. J. C73, 2604 (2013),
arXiv:1304.7498 [hep-ex].
[7] ATLAS-Collaboration, ATLAS-CONF-2013-041 (2013).
[8] S. B. Popov and M. E. Prokhorov,
Astron. Astrophys. Trans. 21, 217 (2002),
arXiv:astro-ph/0102201 [astro-ph].
[9] E. W. N. Glover and M. E. Tejeda-Yeomans,
JHEP 05, 010 (2001), arXiv:hep-ph/0104178 [hep-ph].
[10] Z. Bern, A. De Freitas, and L. J. Dixon,
JHEP 03, 018 (2002), arXiv:hep-ph/0201161 [hep-ph].
[11] C. Anastasiou, E. W. N. Glover, C. Oleari, and
M. E. Tejeda-Yeomans, Nucl. Phys. B605, 486 (2001),
arXiv:hep-ph/0101304 [hep-ph].
[12] C. Anastasiou, E. W. N. Glover, C. Oleari, and
M. E. Tejeda-Yeomans, Phys. Lett. B506, 59 (2001),
arXiv:hep-ph/0012007 [hep-ph].
[13] E. W. N. Glover and M. E. Tejeda-Yeomans,
JHEP 06, 033 (2003), arXiv:hep-ph/0304169 [hep-ph].
[14] Z. Bern, A. De Freitas, and L. J. Dixon,
JHEP 06, 028 (2003), [Erratum: JHEP04,112(2014)],
arXiv:hep-ph/0304168 [hep-ph].
[15] J. Currie, A. Gehrmann-De Ridder,
T. Gehrmann, E. W. N. Glover, A. Huss, and
J. Pires, Phys. Rev. Lett. 119, 152001 (2017),
arXiv:1705.10271 [hep-ph].
[16] J. Bellm et al., (2019), arXiv:1903.12563 [hep-ph].
[17] Z. Bern, L. J. Dixon, D. C. Dunbar, and
D. A. Kosower, Nucl. Phys. B425, 217 (1994),
arXiv:hep-ph/9403226 [hep-ph].
[18] Z. Bern and A. G. Mor-
gan, Nucl. Phys. B467, 479 (1996),
arXiv:hep-ph/9511336 [hep-ph].
[19] R. H. Boels and H. Luo, JHEP 05, 063 (2018),
arXiv:1710.10208 [hep-th].
[20] R. H. Boels, Q. Jin, and H. Luo, (2018),
arXiv:1802.06761 [hep-ph].
[21] K. G. Chetyrkin and F. V. Tkachov,
Nucl. Phys. B192, 159 (1981).
[22] S. Badger, H. Frellesvig, and Y. Zhang,
JHEP 08, 065 (2012), arXiv:1207.2976 [hep-ph].
[23] J. M. Henn, A. V. Smirnov, and V. A. Smirnov,
JHEP 07, 128 (2013), arXiv:1306.2799 [hep-th].
[24] M. Zeng, JHEP 06, 121 (2017),
arXiv:1702.02355 [hep-th].
[25] J. Bo¨hm, A. Georgoudis, K. J. Larsen,
H. Scho¨nemann, and Y. Zhang, JHEP 09, 024 (2018),
arXiv:1805.01873 [hep-th].
[26] D. Bendle, J. Boehm, W. Decker, A. Georgoudis, F.-J.
Pfreundt, M. Rahn, P. Wasser, and Y. Zhang, (2019),
arXiv:1908.04301 [hep-th].
[27] S. Badger, G. Mogull, A. Ochirov, and D. O’Connell,
JHEP 10, 064 (2015), arXiv:1507.08797 [hep-ph].
[28] T. Gehrmann, J. M. Henn, and N. A. Lo Presti,
Phys. Rev. Lett. 116, 062001 (2016), [Erra-
tum: Phys. Rev. Lett.116,no.18,189903(2016)],
arXiv:1511.05409 [hep-ph].
[29] S. Badger, C. Brønnum-Hansen, H. B. Hartanto,
and T. Peraro, Phys. Rev. Lett. 120, 092001 (2018),
arXiv:1712.02229 [hep-ph].
[30] S. Abreu, F. Febres Cordero, H. Ita, B. Page,
and M. Zeng, Phys. Rev. D97, 116014 (2018),
arXiv:1712.03946 [hep-ph].
[31] S. Abreu, F. Febres Cordero, H. Ita, B. Page, and V. Sot-
nikov, JHEP 11, 116 (2018), arXiv:1809.09067 [hep-ph].
[32] S. Badger, C. Brønnum-Hansen, H. B. Har-
tanto, and T. Peraro, JHEP 01, 186 (2019),
arXiv:1811.11699 [hep-ph].
[33] S. Abreu, J. Dormans, F. Febres Cordero, H. Ita,
and B. Page, Phys. Rev. Lett. 122, 082002 (2019),
arXiv:1812.04586 [hep-ph].
[34] S. Abreu, J. Dormans, F. Febres Cordero, H. Ita,
B. Page, and V. Sotnikov, JHEP 05, 084 (2019),
arXiv:1904.00945 [hep-ph].
[35] S. Badger, D. Chicherin, T. Gehrmann, G. Hein-
rich, J. M. Henn, T. Peraro, P. Wasser, Y. Zhang,
and S. Zoia, Phys. Rev. Lett. 123, 071601 (2019),
arXiv:1905.03733 [hep-ph].
[36] K. J. Larsen and Y. Zhang,
Phys. Rev. D93, 041701 (2016),
arXiv:1511.01071 [hep-th].
[37] T. Becher and M. Neubert,
Phys. Rev. Lett. 102, 162001 (2009), [Erra-
tum: Phys. Rev. Lett.111,no.19,199905(2013)],
arXiv:0901.0722 [hep-ph].
[38] T. Becher and M. Neubert, JHEP 06, 081 (2009), [Erra-
tum: JHEP11,024(2013)], arXiv:0903.1126 [hep-ph].
[39] A. von Manteuffel and C. Studerus, (2012),
arXiv:1201.4330 [hep-ph].
[40] P. Maierho¨fer, J. Usovitsch, and P. Uwer,
Comput. Phys. Commun. 230, 99 (2018),
arXiv:1705.05610 [hep-ph].
[41] P. Maierho¨fer and J. Usovitsch, (2018),
arXiv:1812.01491 [hep-ph].
[42] A. V. Smirnov and F. S. Chuharev, (2019),
arXiv:1901.07808 [hep-ph].
[43] Q. Jin and G. Yang,
Phys. Rev. Lett. 121, 101603 (2018),
arXiv:1804.04653 [hep-th].
[44] J. M. Drummond, J. Henn, V. A. Smirnov,
and E. Sokatchev, JHEP 01, 064 (2007),
arXiv:hep-th/0607160 [hep-th].
6[45] C. W. Bauer, S. Fleming, D. Pirjol, and
I. W. Stewart, Phys. Rev. D63, 114020 (2001),
arXiv:hep-ph/0011336 [hep-ph].
[46] C. W. Bauer, D. Pirjol, and I. W.
Stewart, Phys. Rev. D65, 054022 (2002),
arXiv:hep-ph/0109045 [hep-ph].
[47] C. W. Bauer, S. Fleming, D. Pirjol, I. Z. Rothstein,
and I. W. Stewart, Phys. Rev. D66, 014017 (2002),
arXiv:hep-ph/0202088 [hep-ph].
[48] M. Beneke, A. P. Chapovsky, M. Diehl, and
T. Feldmann, Nucl. Phys. B643, 431 (2002),
arXiv:hep-ph/0206152 [hep-ph].
[49] T. Becher, A. Broggio, and A. Fer-
roglia, Lect. Notes Phys. 896, pp.1 (2015),
arXiv:1410.1892 [hep-ph].
[50] J. M. Henn, Phys. Rev. Lett. 110, 251601 (2013),
arXiv:1304.1806 [hep-th].
[51] J. M. Henn, J. Phys. A48, 153001 (2015),
arXiv:1412.2296 [hep-ph].
